We present an N = 1 supersymmetric generalization of the Maximal Abelian Gauge (MAG) in its superfield and component-field formulations, and discuss its Faddeev-Popov quantization, the associated BRST symmetry and the corresponding Slavnov-Taylor identity in superspace approach.
Introduction
In ordinary (non-supersymmetric) Yang-Mills theories, the Maximal Abelian Gauge (MAG) is a nonlinear gauge that enjoys some interesting properties, such as renormalizability [1, 2, 3] . It naturally splits the diagonal and off-diagonal components of the gauge field, A µ (x), being then suitable for the study of the so-called Abelian dominance conjecture, according to which the infrared limit of the Yang-Mills theories might be governed only by diagonal degrees of freedom [4] . In Euclidean space, the MAG can be defined in the lattice, providing several numerical results about the behavior of the gluon propagator in the infrared regime [5, 6, 7] , and it also allows the study of the Gribov ambiguity problem [8, 9, 10] , a feature which, according to our knowledge, is also well established only in the Landau gauge 1 , thanks to the Hermiticity of Faddeev-Popov operator 2 .
In N = 1, D = 4 super-Yang-Mills (SYM) theory, the Gribov problem also takes place and it has recently received some attention in the supersymmetric version of Landau gauge [19] (in a superfield formalism) and in Landau-Wess-Zumino gauge [20] (in a component formalism). We recognize that such applications should be reproduced in a supersymmetric version of the MAG. Then, in this work, we would like to present, as a first step, the supersymmetric version of the MAG in the superfield formalism and discuss the Faddeev-Popov quantization as well as the BRST symmetry and the Slavnov-Taylor Ward identity. Also we are able to recover the ordinary MAG in the component formalism by imposing the Wess-Zumino gauge conditions. The paper is then organized as follows: in Section2, we briefly review the ordinary MAG and present its supersymmetric generalization. In Section 3, we discuss the Faddeev-Popov quantization and the BRST symmetry. We also present here the Slavnov-Taylor identity, which is fundamental for renormalization purposes [21] . Finally, in Section 4, we display our conclusions and perspectives for future works.
2 The ordinary and the supersymmetric versions of the MAG
The diagonal and off-diagonal generators of the SU(n) group
Let us start by expanding the gauge field A µ (x) in a base of generators of the SU(n) group:
The set of the (n 2 − 1) generators T A can be divided into two subsets: one subset is composed by the n(n − 1) off-diagonal generators, represented here by T a , and the other one is composed by the (n − 1) diagonal generators, represented here by T i . Then, we shall adopt the following notation: the indices {A, B, C, D . . . } run from 1 to (n 2 − 1); the off-diagonal indices {a, b, c, d, e, . . . } run from 1 to n(n − 1); and the diagonal indices {i, j, k, l, . . . } run from 1 to (n − 1). Now, taking into account the diagonal and off-diagonal sectors of the group and following the notation described above, the Lie algebra of the generators is given by 3 :
where f abc and f abi are the structure constants of the group, being completely antisymmetric under successive permutations of the indices and obeying the following useful identities 4 :
Also, the commutation relation between the diagonal generators, the third equation of (2), shows that there is an Abelian, U(1) n−1 , subgroup of SU(n). Actually, this subgroup is known as the Cartan subgroup [22] .
The field-strengths, F µν (x), of the gauge field can also be decomposed in terms of the diagonal and off-diagonal components:
3 These relations can be obtained directly from T A , T B = if ABC T C . 4 These identities can be obtained directly from the Jacobi identity:
where 5
with D ab µ being the covariant derivative with respect to the diagonal components.
Thus, the ordinary Yang-Mills action can be written as:
where g is the coupling constant. Furthermore, use has been made of the trace relations
It is straightforward to show that the action (6) is left invariant under the infinitesimal gauge transformation
where ω(x) = ω i (x)T i + ω a (x)T a is the local gauge parameter, which is taken to be infinitesimal.
Defining the ordinary MAG
Once we have displayed the decomposition of the gauge group in its diagonal and off-diagonal components, we can now open the possibility of choose a gauge-fixing condition in such a way that the diagonal and off-diagonal components can be fixed separately, i.e. one can define a gauge-fixing condition for the diagonal sector followed by a different gauge-fixing condition for the off-diagonal sector. This is the case of the MAG, which is defined as
The off-diagonal gauge condition, eq. (9), is obtained by taking the minimum (or, being more rigorous, the extremum condition), under the variations (8), of the auxiliary functional
The existence of such auxiliary functional permits the definition of the MAG on the lattice (such as the Landau gauge). The diagonal gauge condition, eq. (10), cannot be obtained from the minimum condition of any known auxiliary functional. However, a gauge-fixing condition for the diagonal sector of the theory is necessary due to the residual U(1) n−1 symmetry of the Abelian Cartan subgroup. Then, eq. (10) is 5 The relations (5) can also be obtained from
the easiest gauge condition that can be chosen for the diagonal sector 6 . Now, following the Faddeev-Popov gauge-fixing procedure, we can write the generating functional of the Yang-Mills theory gauge-fixed in the MAG as
There are some points to be properly clarified in (12) . First, we call attention to the pair of fields b a and b i , known as the Nakanishi-Lautrup auxiliary fields. Here, these fields have the function of Lagrange multipliers, enforcing the MAG conditions (9) and (10), as one can easily check from their equations of motion,
Second, the two pairs of complex Grassmannian fields {c a , c a ⋆ } and {c i , c i ⋆ } are, respectively, the offdiagonal and diagonal Faddeev-Popov ghost fields (with the subscript "⋆" designating the anti-ghost field). Notice that due to the non-linearity of the MAG there are more interaction vertices than in the Landau or linear covariant gauges. In fact, there are vertices involving two gluons and two ghosts. These vertices give rise to additional four ghost interactions that might be taken into account in the renormalization procedure. However, we shall not consider such additional terms in the present discussion (for a detailed analysis on this subject we refer [3] ). Third, the classical fields {J a µ , K a , η a , η a ⋆ } are interpreted here as external sources. They are important in order to obtain the Green functions from the generating functional then they can, from now on, be taken to zero. Finally, it is straightforward to check that the action S MAG is left invariant by the following set of nilpotent BRST transformations:
2.3 The N = 1 supersymmetric generalization of the MAG Our task now is to generalize the MAG, defined by eqs (9) and (10), in the case of the N = 1 superYang-Mills in the formalim of superfields. In order to achieve this aim, our starting point will be the 6 There is in the literature a different choice of the diagonal gauge fixing condition. This gives rise to the so-called modified maximal Abelian gauge (MMAG) [23] .
superfield, Φ(x, θ,θ), which can be written, taking the notations of [24, 25, 26] , as 7
Here, {C, χ α ,χα, M,M , A µ , λ α ,λα, D} are the components of the superfield taking values in the adjoint representation of the SU(n) group. Thus, the strategy that we will adopt can be summarized in three steps as
• Impose gauge conditions on the diagonal and off-diagonal components of the superfield {Φ i , Φ a };
• Impose the Wess-Zumino gauge, i.e. take {C, χ α ,χα, M,M } = 0;
• Verify if the vectorial degrees of freedom of the supermultiplet obey the MAG conditions (9) and (10) .
Notice that the second step indicates that the original MAG can be recovered only together with the Wess-Zumino gauge. However, this step is not necessary, for example, in the Landau gauge, as one can verify in [26] . This necessity could be an effect of the nonlinearity of the MAG.
Before applying the three steps listed above, let us take a look at the following quantity:
where the covariant derivatives D α andDα are, following [24] , given by
This quantity is clearly a chiral superfield, i.e.Dα(D 2 D 2 Φ A ) = 0, and it contains, as one of its components, the 4-divergence of the vectorial component of Φ(x, θ,θ). Then, the supersymmetric extension of the Landau gauge, for example, can be achieved by demanding that this quantity vanishes, i.e. D 2 D 2 Φ A = 0, see [26] 8 . As stated in the previous section, the gauge-fixing condition of the diagonal component of the gauge field, eq. (10), is entirely analogous to the Landau gauge. Thus, for the diagonal component of the superfield Φ(x, θ,θ), we can choose, as a supersymmetric generalization of (10), the following gauge condition:
Now, we have to define a gauge-fixing condition on the off-diagonal components of the superfield in such a way to recover the nonlinear MAG condition (9) . In fact, eq. (9) can be explicitly written as
7 In eq.(15) we have: θ α (α = 1, 2) andθα (α =1,2) being the fermionic coordinates of the superspace; θ 2 = θ α θα = ε αβ θ β θα andθ 2 =θαθα = εαβθβθα, with ε 12 = −ε 21 = −ε12 = ε21 = 1 and ε 11 = ε 22 = ε11 = ε22 = 0; and also
8 The notation in [26] is slightly different of the one presented here. Then, in order to verify that the result obtained in [26] is in accordance with that of (16) , it is necessary to perform the replacement (i → −i) in eq. (16) .
One can immediately observe that the r.h.s. of the equation above is nonlinear. Thus, our task is to find a gauge condition for Φ a (x, θ,θ), the off-diagonal component of the superfield, which contains f abi A i µ A bµ . The l.h.s. of (19) is already contained inD 2 D 2 Φ a , as one can see in (16) . Then, the gauge condition we are looking for might be of the typeD
where f abi A i µ A bµ ∈ Ψ a (x, θ,θ).
To be more precise, we would like that
where u a (x), v a α (x) and w a (x) are, at this point, general functions that will be determined later when we precisely define an expression for Ψ a (x, θ,θ). Therefore, taking into account (21), a possible candidate to represent the desired Ψ a (x, θ,θ) is
Then,
Collecting the results obtained from eqs. (18), (20) and (22), we are in a position to define the supersymmetric extension of the MAG asD
Notice that the gauge conditions (26) and (27) are taken independently of the Wess-Zumino gauge. Once we have established the gauge conditions on the components of the superfield, the second step is to take the Wess-Zumino gauge in order to confirm that the original MAG can be re-obtained. In our case, it is sufficient to verify the off-diagonal gauge condition (26):
In other words, we can safely say that the MAG is a limit case of the gauge defined by the conditions (26) and (27) when the Wess-Zumino gauge is taken.
The Faddeev-Popov quantization, BRST symmetry and the SlavnovTaylor Identity
Let us start this section by briefly presenting the well-known (pure) SYM action and its gauge invariance. Taking the superfield Φ(x, θ,θ), previously defined in eq. (15), one can construct the supersymmetric generalization of the field strength F µν as
Then, the SYM action will be given by
This action is left invariant under the following infinitesimal gauge transformation (for details see [26] ):
where
and Λ = Λ A T A is an infinitesimal chiral superfield, whileΛ =Λ A T A is an anti-chiral one. As one can notice, the gauge invariance of (30) lead us to perform a gauge-fixing procedure in order correct quantize the theory. Thus, we follow [26] in order to establish the Faddeev-Popov quantization approach assuming the supersymmetric MAG, defined by eq's (26) and (27) , as the gauge-fixing. We first notice that the conditions (26) and (27) might be introduced in the theory with the help of Lagrange multipliers, in the same way we have introduced the Nakanishi-Lautrup auxiliary fields {b a , b i } in the case of the ordinary MAG. Then, let us consider the gauge-fixing term
where dV = d 4 xd 2 θd 2θ is the superspace element volume, and, playing the role of Lagrange multipliers, the pairs {B a , B i } and {B a ,B i } of chiral and anti-chiral superfields, respectively. Now, we need to find a BRST invariant way to add the gauge-fixing term (32) term to the SYM action. In other words, we have to introduce the Faddeev-Popov ghost fields. As the gauge transformation involves the chiral and anti-chiral parameters {Λ,Λ}, and taking into account that the gauge-fixing separates the diagonal and off-diagonal components of the symmetry group we have to deal with several "types" of ghost fields:
With this field content at our disposal, we display below a full set of nilpotent (s 2 = 0) BRST transformations under which we demand that the complete gauge-fixed action be invariant:
• Transformations of the components of the superfield Φ(x, θ,θ):
• Transformations of the components of chiral superfields {c, c ⋆ , B}:
• Transformations of the components of the anti-chiral superfields {c,c ⋆ ,B}:
Thus, we can define the BRST invariant SYM action gauge-fixed in the supersymmetric MAG:
The BRST symmetry of the theory can be expressed as a Ward identity. However, as one can notice in eq's (33), (34) and (35), there are several nonlinear BRST transformations. These nonlinear transformations must be introduced in the theory as composite operators [21, 26] . It is important in order to establish the renormalization of the symmetry itself. Therefore, it is necessary to take into account these nonlinearities by coupling them with external sources and adding to the action S the term
The sources {Ω, L,L} are taken as classical superfields, with Ω a,i being anti-commuting, or Grassmannian, variables and {L a,i ,L a,i } being commuting ones. The BRST invariance of S ext is obtained by demanding that s{Ω, L,L} = 0 .
Then, we can finally define our complete BRST invariant action as
with S and S ext given, respectively, by (36) and (37). Now, we are able to write the Slavnov-Taylor identity, which represents the BRST symmetry as a Ward identity. Namely, 
S(Σ)
It is worth mentioning that there are also important Ward identities that are useful to prove renormalization such as the diagonal gauge-fixing equations and the diagonal anti-ghost equations:
Conclusions and further perspectives
In this work we have presented a supersymmetric generalization of the MAG. In other words, the ordinary gauge conditions (9) and (10), which define the MAG, are generalized to the gauge conditions (26) and (27) imposed directly on the off-diagonal and diagonal components of the superfield, respectively, and the original MAG is then reobtained from its supersymmetric version when the Wess-Zumino gauge is taken. We also presented the Faddeev-Popov quantization approach, obtaining a BRST invariant action (39). This property of invariance over the BRST transformations allowed us to write the Slavnov-Taylor Ward identity, eq. (40), which is fundamental in the study of the renormalizability of the action (39). These results open the possibility of future works, which we list below:
• The proof of the renormalization of the action (39) will certainly be one of our main concerns. However, it is important to say that it is not a trivial task due to the fact that there are also extra quartic ghost interaction terms that need to be considered. These terms are well-known in the ordinary MAG [3] , being a direct consequence of the non-linearity of this gauge.
• Once we have established the supersymmetric MAG, we can immediately study the supersymmetric generalization of other gauges as the modified MAG (MMAG) and the interpolating gauge between the Landau gauge and the MAG [23] .
• The Euclidean formulation and the study of the Gribov ambiguity are also one of the subjects to be investigated in the future and a possible generalization of the Gribov-Zwanziger (GZ) model, and its refined version, the RGZ model, could be obtained, as already done in the Landau gauge [19, 20] . It is worth mentioning, that the GZ and the RGZ models were extensively studied in the ordinary MAG [9, 10] . Also, as pointed out in [27, 28] , there are instanton configurations lying on the Gribov horizon in the case of SU(2) ordinary MAG. It might be interesting to investigate if this survives with fermions, in view of the fermionic zero mode of the instanton, due to the index theorem [29] .
• Another investigation which we intend to pursue is the extension of the present study of the MAG to go beyond simple supersymmetry. The consideration of the N = 2 and N = 4 extended super-YangMills models would be interesting in view of the ultraviolet finiteness of the N = 4 case in general and the specific N = 2 models which can also be built up to be finite. For example, a specially interesting issue in the case of N = 4, the global SU(4) automorphism of the supersymmetry algebra, which is an important ingredient to understand its ultraviolet finiteness, should be explicitly broken if MAG is chosen with the N = 4 model described in terms of N = 1 superfields. So, reassessing N = 4 finiteness in the framework of the supersymmetric MAG is an issue of interest and we shall be working to report on that in a future paper.
